In refractive surgery, the cubic spline fit for the transition zone breaks down for myopia and myopic meridians in mixed astigmatism as in many cases the cubic spline function runs into negative values. In this paper, the complementary error function is proposed instead of the cubic spline function as the transition zone function, due to the availability of analytical expression of its derivatives and the nonnegativity fact. It is shown that with the use of the complementary error function, transition zones for all refractive types work correctly.
Introduction
In refractive surgery [1] , where human tissue is ablated to correct for vision, a central area called the optical zone (OZ) is designed such that the optics within the zone is optimal for vision. However, the surrounding area, which is called the transition zone (TZ), needs serious consideration; or there might be associated vision problems such as glares, star bursts, halos, to name a few, due to abrupt curvature changes. Traditionally, cubic spline functions are used to perform the task for transitioning the ablation area to the unablated corneal surface.
The spline functions have been widely used for applications in various fields, such as for smoothing [2] [3] , data analysis [4] , curve fitting [5] [6] , image mosaic [7] , and in vision [8] [9] . When two surface zones need to be connected, discontinuity between the two zones is a major concern [10] . For our application, where a nonzero area is to be transitioned to zero, geometric continuity and parametric continuity are considered. For geometric continuity, a nonzero value needs to be transitioned to zero; for parametric continuity, surface slope (first derivative) must be smoothly connected.
The cubic spline functions work correctly for refractive surgical types such as hyperopia and hyperopic astigmatism. However, for myopia, myopic astigmatism and mixed astigmatism, the transition zone runs into negative values when the edge of the optical zone is too steep (slope smaller than −2). Since no negative tissue can be ablated, negative values are usually ignored, causing incorrect ablation shapes.
In this paper, complementary error function is used as the transition zone function for cases when the slope of the optical zone edge is lower than −2. The 
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For simplicity, assume that the transition zone starts from u = 0 to u = 1 along any radial meridian for a two-dimensional surface. Further, assume that the transition zone function has values between 0 and 1, shown in Figure 1 , as it is easy to be multiplied to scale the transition zone values.
The general form for a cubic function can be given by ( ) 3 2 , S u au bu c u d
where a, b, c, and d are the unknowns. We further assume that the slope at the outer edge of the optical zone is s. With these four unknowns, it is necessary to use four equations to solve them. Generally speaking, these are the four conditions that form the four equations: Figure 1 . Schematic of the optical zone (OZ), transition zone (TZ) and ablation zone (AZ). Each radial line is considered as a cross section for a given meridian. • When u = 0, S(u) = 1 for geometric continuity at the inner edge;
• When u = 1, S(u) = 0 for geometric continuity at the outer edge;
• When u = 0, S'(u) = s for parametric (slope) continuity at the inner edge;
• When u = 1, S'(u) = 0 for parametric (slope) continuity at the outer edge.
Using the four equations obtained from these conditions yields the solution as
This solution works correctly when the slope at the outer edge of the optical zone (s) is greater than −2. However, when s < −2, Equation (2) has the potential to result in a negative value, since the first derivative of S(u) in Equation (2) is quadratic and it has two roots. If the first one occurs at u = 1, the other one may occur at u < 1. When this happens, the transition zone contains negative values.
Since no negative ablations can be allowed, they must be zeroed out, resulting in the implemented transition zone much smaller, as illustrated in Figure 2 .
To prevent negative values to occur, we can force S(u) to be always positive, It is easy to show that the asymptotic value of s is −2:
Based on the above analysis, it is necessary to use a different transition function for situations when the slope is smaller than −2, to prevent running into negative transition zone values.
Complementary Error Function as a Transition Zone Function
From 
An approximation of Equation (8) 
Note the normalized derivative of the complementary error function is very close to a straight line, as shown in Figure 4 . If we take only one term in the denominator in Equation (9), we obtain a very simple approximation: D(u) = −2u.
Equation (8) 
It is easy to show that ( ) ( ) .
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Hence, when the expanding factor is needed, finding u 0 should be done by equating ( ) .
With the above-mentioned properties, the transition zone algorithm can be 
Simulation Results
To test the new algorithm, we have chosen six most typical refractive cases: For the other cases, the new algorithm has the transition zone reached out to the 9 mm area while the original algorithm has the transition zone cut off early.
Conclusion
Using cubic spline function for the purpose of transition zone for refractive surgery raises issues of running into negative values for myopic meridians when the edge of the optical zone is too steep. With the complementary error function, a normalized version appears to work very well for cases where cubic spline function does not work. Simulation shows the new algorithm is appropriate for myopic meridians where the edge of the optical zone is too steep. The result presented is useful for practical implementation of treatment algorithms in refractive surgery.
